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The curvature of a magnetic membrane was presented as a means of inducing nonreciprocities in the spin-
wave (SW) dispersion relation (see [Ota´lora et al. Phys. Rev. Lett., 2016 117, 227203] and [Ota´lora et al.
Phys. Rev. B., 2017 95, 184415]), thereby expanding the toolbox for controlling SWs. In this paper, we
further complement this toolbox by analytically showing that the membrane curvature is also manifested in
the absorption of SWs, leading to a difference in the frequency linewidth (or lifetime) of counterpropagating
magnons. Herein, we studied the nanotubular case, predicting changes of approximately greater than 10% and
up to 20% in the frequency linewidth of counterpropagating SWs for a wide range of nanotube radii ranging
from 30 nm to 260 nm and with a thickness of 10 nm. These percentages are comparable to those that can
be extracted from experiments on heavy metal/magnetic metal sandwiches, wherein linewidth asymmetry
results from an interfacial Dzyaloshinskii-Moriya interaction (DMI). We also show that the interplay between
the frequency linewidth and group velocity leads to asymmetries in the SW decay length, presenting changes
between 10% and 22% for counterpropagating SWs in the frequency range of 2 - 10 GHz. For the case of the
SW dispersion relation, the predicted effects are identified as the classical dipole-dipole interaction, and the
analytical expression of the frequency linewidth has the same mathematical form as in thin films with the
DMI. Furthermore, we present limiting cases of a tubular geometry with negligible curvature such that our
analytical model converges to the case of a planar thin film known from the literature. Our findings represent
a step forward toward the realization of three-dimensional curvilinear magnonic devices.
I. INTRODUCTION
In Magnonics, spin waves (SWs) or magnons – the
eigenoscillations of an electron spin system1 – are con-
sidered to be the elemental information carriers. Since
magnons can propagate up to terahertz (THz) frequen-
cies with nanometric wavelengths and over macroscopic
distances without electron charges being displaced, ap-
plications based on magnons could be exempt from
Joule heating, thus paving the way toward applications
with unprecedentedly low power consumption (energy-
friendly environmental devices), reconfigurable function-
ality, faster operation and further miniaturization. Re-
markable progress has been achieved both theoretically
and experimentally, leading to advances in the cir-
cuitry of magnonic chips, for instance, in reconfigurable
waveguides for on-demand control of SWs2,3, and conse-
quently in prototype building blocks of SW-based logic
elements.4–8
From a technological perspective, a desirable feature
of magnons is the nonreciprocal (or asymmetric) disper-
sion relation. For instance, in SW-based logic devices,
the asymmetric dispersion relation provides the condi-
tion for the unidirectional propagation of SW packages
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FIG. 1. (Color online). Schematic representation of a nan-
otube in a circular (vortex) magnetic configuration ~M = Msϕˆ.
For nanotubes with radii smaller than a critical radius, a cir-
cular (azimuthal) magnetic field ~H0 = H0ϕˆ is required to
stabilize this configuration, while the exchange interaction
prefers the homogeneous magnetization state along the long
axis. The critical magnetic field related to the critical radius
can be analytically calculated for a nanotube with specific
geometrical and material parameters, as given by Ota´lora
et al. 9 . However, for radii above 100 nm, for most of the
metallic magnetic materials, the vortex state is the preferred
equilibrium configuration.
(avoiding the formation of standing SWs), which is fun-
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damental for enhancing the input/output information
transfer efficiency encoded in the phase, frequency and
amplitude of SWs in the magnonic device. An asym-
metric dispersion relation generally refers to the broken
parity symmetry of the eigenfrequency f regarding the
wavevector ~k, i.e., f [~k] 6= f [−~k], meaning that counter-
propagating SWs with the same wavevector have differ-
ent oscillation frequencies. Furthermore, a nonreciprocal
dispersion relation also means an asymmetric group ve-
locity (~vg ≡ 2pi∇~kf). This is generally accompanied by
asymmetries in lifetimes (τ ≡ 1/Γ[~k]) and decay lengths
(lD ≡ vgτ), which are also desired properties in the pur-
suit of enhancing performance in SW-based communica-
tions and logic device applications.10,11
Substantial efforts to enhance nonreciprocities on SWs
are currently taking place, mostly in two-dimensional
(2D) thin films. For instance, efforts have focused
on optimizing the ferromagnetic/heavy metal inter-
face to strengthen the Dzyaloshinskii-Moriya interaction
(DMI)12,13 and therefore optimize the asymmetries in fre-
quency and linewidth.14–18 Recently, a nonreciprocal dis-
persion relation was predicted by turning an ordinary 2D
magnetic thin film into a curvilinear three-dimensional
(3D) shape, particularly into helicoids and nanotubes.
It has been predicted that the topological curvature of
the 3D film induces asymmetries in the SW dispersion
relation, which arises from exchange interactions in he-
licoids and dipole-dipole interactions in nanotubes.19–23
It would be expected that the membrane curvature can
also induce asymmetries in the frequency linewidth and
decay length of SWs; nevertheless, these features have
not yet been investigated, and this paper aims to fill this
gap.
Accordingly, an analytical derivation of the Polder
tensor24 (also known as the dynamic susceptibility ten-
sor) of the asymmetries in the frequency linewidth and
decay length and the analysis of the role of curvature are
presented here only for the nanotubular geometry. As
reported in previous works, the mean curvature of the
nanotube breaks the chiral degeneracy of the dynamic
dipolar field created by the spatial distribution of the
counterpropagating SWs22,23 and results in the asym-
metric dispersion relation. We extend our calculation to
show that, as expected, curvature-induced asymmetries
in frequency linewidth and decay length also occur as a
consequence of such a broken chiral degeneracy.
With the aim of clearly presenting our results, the re-
mainder of this paper is organized as follows. The an-
alytical model is introduced in Sec. II, wherein explicit
expressions for the Polder tensor, absorption, frequency
linewidth, decay length and its asymmetries are obtained.
These quantities are presented in Sec. III and discussed
in Sec. IV. Furthermore, for completeness, a few limit-
ing cases showing a direct resemblance with SWs in 2D
thin films are shown and discussed in Sec. V. Finally,
conclusions are presented in Sec. VI
II. ANALYTICAL MODEL
The nonreciprocal SW dispersion induced by curvature
in cylindrical magnonic waveguides has been reported in
our previous papers22,23, wherein an analytical formula
for the dispersion relation of SWs was presented for the
case of a nanotube in an equilibrium circular (vortex)
magnetic configuration. Fig. 1 illustrates the circular
equilibrium state and the cylindrical coordinate system
defined by the radial ρˆ, azimuthal ϕˆ and longitudinal
zˆ unitary vectors. Using these coordinates, the vortex
configuration is described by ~Ω0 = ~M/Ms = ϕˆ, the uni-
tary magnetization field vector, and Ms, the saturation
magnetization. This equilibrium magnetization and the
cylindrical coordinate system will be assumed through-
out the manuscript. In the following, the methods ap-
plied in our previous papers will be extended for ana-
lytically calculating the dynamic susceptibility (ℵ) and
frequency linewidth (Γ) in the presence of damping. In
both quantities, the curvature-induced nonreciprocity is
present. The SW properties are studied by linearizing
the Landau-Lifshitz Gilbert (LLG) equation of motion,
~˙Ω = −γ0 ~Ω×
(
~Heff + ~hrf
)− αG (~˙Ω× ~Ω) , (1)
where γ0 = gµB/~ is the gyromagnetic ratio, g is the
electron’s Lande´ factor, µB is the Bohr magneton and
~ is the Planck constant. The effective field ~Heff =
~Hex + ~Hd + ~H0 is given by the contributions of (i) the
exchange field ~Hex = D∇2~Ω, where D = l2exMs, the ex-
change length lex =
√
A/Kd, the stiffness constant A,
and Kd = (1/2)µ0M
2
s ; (ii) the dipolar field ~Hd = −∇Φ
arising from the magnetostatic potential Φ; and (iii) the
circular (or azimuthal) ~H0 = H0ϕˆ applied external mag-
netic field. The first term on the right side in Eq. 1,
known as the Landau-Lifshitz torque, describes the pre-
cession of the magnetization in the effective field. SWs
are excited with a radio-frequency magnetic field ~hrf. The
second term on the right side in Eq. 1 is known as the
Gilbert torque, where αG is the Gilbert damping constant
accounting for the relaxation mechanism that dissipates
energy.
The LLG equation is linearized in terms of small per-
turbations of the equilibrium magnetization. Accord-
ingly, a sightly different magnetization state ~Ω ≈ ~Ω0 + ~m
is considered, where the radio-frequency field amplitude
is assumed to be small (‖~hrf‖/Ms  1) and ~m is the
dynamic perturbation (‖~m‖  1) perpendicular to the
equilibrium state (~Ω0 · ~m = 0). The small magnetic devi-
ation can be expressed as ~m = mρρˆ+mz zˆ, and by follow-
ing procedures similar to those in J. Ota´lora et al.22,23,
the dynamic equation is calculated as:
2
m˙ρ
ωMs
= −l2ex
(
1
b2
+∇2
)
mz +
H0
Ms
mz +
〈hd〉z
Ms
+
〈hrf〉z
Ms
+ αGm˙z,
m˙z
ωMs
= l2ex∇2mρ −
H0
Ms
mρ +
〈hd〉ρ
Ms
+
〈hrf〉ρ
Ms
− αGm˙ρ,
(2)
where ωMs ≡ γ0µ0Ms, b−2 = 2pi log(R/r)/S, S =
pi(R2−r2) is the nanotube cross-section area and 〈hd〉x =
(2pi/S)
∫ R
r
ρdρ(hd)x with x = ρ, z is the cross-section av-
erage of the dynamic dipolar field components. Similarly,
the radio-frequency field components are also averaged as
〈hrf〉x = (2pi/S)
∫ R
r
ρdρ(hrf)x with x = ρ, z. These aver-
ages are valid for nanotubes with small thicknesses for
which the dynamical magnetization components ~mρ and
~mz are assumed to be radially invariant. Accordingly,
the dynamical magnetization components in the Fourier
space are written as
mρ[ϕ, z, t] =
∞∑
n=−∞
∫ ∞
−∞
dkz e
ikzzeinϕe−iωt Rnkz ,
mz[ϕ, z, t] =
∞∑
n=−∞
∫ ∞
−∞
dkz e
ikzzeinϕe−iωt Znkz
(3)
where Rnkz and Znkz are the amplitude projections
along the ρˆ and zˆ directions, respectively. The
eigen-excitations or magnons are characterized by the
longitudinal wavevector kz along zˆ and by the az-
imuthal wavenumber (or mode) n along ϕˆ. The av-
eraged dipolar field can also be expanded as 〈hd〉x =∑∞
n=−∞
∫∞
−∞ dkz e
ikzzeinϕe−iωt 〈hd〉n,kzx with x = ρ, z,
where 〈hd〉n,kzx are the dynamic dipolar field components
in the Fourier space, and their explicit form is presented
in our previous work (see equation 5 in23). Finally, the
dynamic equation 2 for the excitation ~m in the Fourier
space can be written in the following form:
( RnkzZnkz
)
= ℵnkz
(
〈hrf〉n,kzρ
〈hrf〉n,kzz
)
(4)
where ℵnkz is the dynamic susceptibility (also known as
the Polder tensor24), which is expressed as
ℵnkz =
(
χn,kzρρ χ
n,kz
ρz
−χn,kzρz χn,kzzz
)
=
( iB
A2+BC
iA
A2+BC
− iAA2+BC iCA2+BC
)
(5)
where A ≡ ω − γMsAnkz , B ≡ −αGω + iωMsBnkz , C =−αGω + iωMsCnkz with Ankz , Bnkz , and Cnkz given as
Ankz =Knkz ,
Bnkz =l2exk2z + (n2 − 1)hu + h0 + Lnkz ,
Cnkz =l2exk2z + n2hu + h0 + J nkz ,
(6)
where the term hu = Hu/Ms = l
2
ex/b
2 ≥ 0 is the ex-
change field arising from the vortex state of the magne-
tization. This field can be viewed as a shape anisotropy
with the large nanotube axis zˆ as the easy axis. The
terms denoted by J nkz , Knkz and Lnkz are hypergeometri-
cal functions that depend on the nanotube radius R and
thickness d, and their explicit formulations (the detailed
derivation is presented in23) are
J nkz =
pi
S
∫ ∞
0
dq
q3
2 (q2 + k2z)
(Γn[q])
2
Knkz =
pi
S
∫ ∞
0
dq
q2kz
q2 + k2z
Γn(q)Λn[q]
Lnkz =
pi
S
∫ ∞
0
dq
2qk2z
q2 + k2z
(Λn[q])
2
(7)
with Λn[q] =
∫ R
r
dρ ρJn[qρ], Γn[q] = Λn−1[q] − Λn+1[q],
and Jn[x] the first kind Bessel functions of order n.
Note that the term Ankz emerges only from the dy-
namic dipolar fields induced by the nanotubes’ curvature
and vanishes for planar films. As shown in our previous
works22,23, this term is the origin for the asymmetric dis-
persion relation and will play the same role in frequency
linewidth. Moreover, note that Ankz , Bnkz and Cnkz are
the normalized stiffness fields consisting of dynamic and
static components of the exchange, magnetostatic and
external fields. These features will be discussed later in
section IV, Discussions.
The SW absorption (or dynamical susceptibility) can
be expressed in the following Lorentzian form by us-
ing the Polder tensor defined in Eq. 5 as Sn,kzρρ (ω) =
Im(Xn,kzρρ )
Sn,kzρρ [ω] =
Wnkz [ω, αG](
ω2 − (ωnkz) 2)2 + ( 12∆nkz [ω])2 (8)
where the eigenfrequency ωnkz and the terms ∆
n
kz
(ω) and
Wnkz(ω, αG) are given as
ωnkz = ωMs
(
Ankz +
√
CnkzBnz
)
, (9)
∆nkz [ω] = 2ωMsαGω
(Cnkz + Bnkz)
(
ω + ωnkz
ω − ω¯nkz
)
(10)
and
Wnkz = −
(
ω + ωnkz
)(
ω − ω¯nkz
)(αGωMsω (ω2 − (ωnkz)2)
+
(ωMs)
2
2
∆nkzBnkz
)
,
(11)
3
with ω¯nkz = ωMs
(Ankz −√CnkzBnz ). For planar thin
films, the term Ankz vanishes, and equation 9 simplifies
to the dispersion relation that is well known from the
literature.22,23 The analytical expression for the group
velocity can be obtained from the kz-derivative of the
eigenfrequency, vg[n, kz] = ∂ω
n
kz
/∂kz, and the frequency
linewidth Γ can be obtained from the absorption equation
8. Note that the Lorentzian susceptibility should be in-
versely proportional to the linewidth as a quadratic term,
i.e., Sn,kzρρ [ω] ∝
((
ω − ωnkz
)2 − (Γ/2)2)−1. Hence, from
equations 8 and 10,
(
when ∆nkz [ω]/
(
ω + ωnkz
)
is evalu-
ated for the eigenfrequencies ω = ωnkz
)
, it is straightfor-
ward to deduce the equation of the frequency linewidth
as follows:
Γ[n, kz] = ωMsαG
(Cnkz + Bnkz)
(
1 +
Ankz√BnkzCnkz
)
(12)
This expression reduces to that of the frequency
linewidth of 2D thin films when the nanotube radius goes
to infinity (Ankz = 0). In this case, the linewidth directly
depends on the stiffness fields and the Gilbert damping
parameter as well known from the literature17,25–28. For
nanotubes with finite radii, equation 12 takes a similar
mathematical form as that derived for planar 2D heavy
metal/magnetic metal sandwiches with interfacial DMI
(see equation 8 in17). The asymmetries in Γ are in-
troduced by the broken mirror symmetry of Ankz , i.e.,Ankz = −An−kz , which is the same term giving the asym-
metries of the dispersion relation in nanotubes (see equa-
tion 9 and equations 6 and 10 in23). This term arises from
the broken mirror symmetry of the dynamic dipolar field,
which can be understood from the role of the mean cur-
vature of the nanotube (1/ρ¯ = 2/(R+r)) in breaking the
mirror symmetry of the dynamic magnetic charges that
create the dynamic dipolar field. Here, R and r are the
outer and inner radii of a nanotube, respectively. The
asymmetry on the volume charges was previously used
to explain the curvature-induced asymmetric dispersion
relation in nanotubes22,23 and will be used again in the
section IV, Discussions, to explain the asymmetries in
the frequency linewidth in more detail.
The frequency linewidth asymmetry can be defined as
∆Γ[n, kz] ≡ |Γ[n, kz]− Γ[n,−kz]| and has the form of
∆Γ[n, kz] = 2ωMsαG|Cnkz + Bnkz |
|Ankz |√BnkzCnkz (13)
Note that the frequency linewidth asymmetry is zero
(∆Γ[n, kz] = 0) for kz = 0 as a consequence of the odd
parity of Ankz . The results of the frequency linewidth and
its asymmetry will be presented in the next section III,
Results.
III. RESULTS
In the following, the results of the analytical model are
presented assuming a permalloy nanotube with outer (in-
ner) radius R = 80 nm (r = 70 nm), saturation magneti-
zation µ0Ms = 1 T, exchange stiffness constant A = 13
pJ/m and exchange length lex ≈ 5.8 nm. The preferred
equilibrium state for these material parameters and ge-
ometrical dimension in the absence of external fields is
the saturated state along the long axis of the nanotube.
The critical field to stabilize the vortex magnetic state
is calculated to be µ0Hcrit = µ0Hu ≈ 5.9 mT.9 There-
fore, a field of µ0H0 = 6 mT is applied to set the circular
magnetization state.
FIG. 2. (Color online). (a) Eigenfrequency and (b) radial
component of SW distribution in an unrolled view of the nan-
otube at an oscillation frequency of 8 GHz. λL and λR cor-
respond to the left (L) and right (R) wavelengths of counter-
propagating SWs, respectively. An infinitely large permalloy
nanotube of outer (inner) radius R = 80 nm (r = 70 nm) and
under the action of an azimuthal field µ0H0 = 6 mT is as-
sumed. Curves are presented for the azimuthal wavenumbers
n = 0,±1,±2.
Figure 2 summarizes our results for SWs with the
zeroth-order and the first two higher-order modes in
terms of the azimuthal wavenumbers n = 0,±1,±2. The
dispersion relation f [n, kz] = ω
n
kz
/(2pi) is shown in fig-
ure 2a). The asymmetry of the dispersion relation is
mostly pronounced for the zeroth-order modes, as shown
in our previous works22,23. The mode profiles in an un-
rolled view of the tube are displayed in figure 2b), where
the color code encodes the radial component of the mag-
netization. These modes excited with an RF field of 8
GHz in the middle of the nanotube (marked with a pink
shadowed region) are planar waves with no nodal line
for n = 0, two nodal lines for n = ±1 and four nodal
lines for n = ±2. The left and right wavelengths of the
counterpropagating waves are denoted as λL and λR, re-
spectively.
The frequency linewidth Γ scaled by the Gilbert damp-
ing αG as a function of the SW wavevector kz and of the
eigenfrequency is shown in Figure 3(a) and (b), respec-
tively. The linewidth is asymmetric for the modes with
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FIG. 3. (Color online). Role of curvature in the fre-
quency linewidth of a magnetic nanotube and comparison
with the frequency linewidth of a 2D thin film. The frequency
linewidth as functions of (a) wavevector kz and (b) eigenfre-
quency f . Curves are presented for the azimuthal wavenum-
bers n = 0,±1,±2. The black continuous and red dotted lines
correspond to the frequency linewidth as a function of coun-
terpropagating SWs in an infinitely large permalloy nanotube
of outer (inner) radius R = 80 nm (r = 70 nm) and under the
action of an azimuthal field µ0H0 = 6 mT. The gray dashed
lines correspond to the case of an extended 2D thin film with a
10 nm thickness and with an in-plane magnetization oriented
parallel to the magnetic field µ0H0 = 6 mT. The 2D thin
film is assumed to have an in-plane hard axis oriented per-
pendicularly to µ0H0 and represented by the anisotropic field
µ0Hu = 5.9 mT. The Gilbert damping parameter is denoted
by αG. The 2D thin film is supposed to resemble the unrolled
view of the nanotubular configuration. The SW wavenum-
bers kz and n in the nanotube correspond to the wavevec-
tors kZ = n/ρ¯ and kX = kz in the thin film, respectively.
Therefore, with ρ¯ = (R + r)/2 = 75 nm, the wavevectors kZ
corresponding to n = 0,±1,±2 are kZ = 0,±1/75,±2/75 nm.
the same wavevector magnitude (see Figure 3(a)), same
eigenfrequency (see Figure 3(b)) and opposite propaga-
tion directions. The influence of the nanotube curvature
on the frequency linewidth can be better understood by
comparing it with the limiting case of a noncurved mem-
brane, which consists of a planar thin film. In this com-
parison, we consider a planar permalloy thin film with
a magnetic configuration similar to that in the unrolled
view of the nanotube. Therefore, an extended 2D thin
film is assumed with an in-plane applied magnetic field
H0 parallel to the homogeneous (in-plane) equilibrium
magnetization ~Ω0, thickness d, and easy-axis anisotropy
characterized by the field Hu and perpendicular to ~Ω0.
In figure 3, we plot with gray dashed lines the frequency
linewidth for the planar permalloy thin film, and we plot
with black solid and red dotted lines the linewidth for
counterpropagating SWs in the NT. These curves are
analyzed and discussed in the next section, Discussions.
Note that the range of Γ values predicted by our analyti-
cal calculations is consistent with the values measured ex-
perimentally for permalloy29,30. Indeed, assuming typi-
cal values for the Gilbert damping parameter αG between
0.001 and 0.01, one can observe the frequency linewidth
ranging between 200 and 300 MHz for the given range of
eigenfrequencies and wavevectors.
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FIG. 4. (Color online). Frequency linewidth asymmetries
(defined by equation 13) at the fundamental n = 0 (black
lines) and at the first two higher-order azimuthal modes n =
±1 (red dashed line) and n = ±2 (blue dotted line). Evolution
of the frequency linewidth asymmetry as a function of (a) the
wavevector kz and (b) eigenfrequency of SWs. (c) Radial
dependence of the maximum linewidth asymmetry ∆Γ(Max)
(upper curve), of the wavelength λΓ (middle curve) and of
the eigenfrequency fΓ (bottom figure) of SWs at which the
asymmetry reaches its maximum. All cases presented here
are calculated for the nanotube thickness d = 10 nm. An
infinitely large nanotube with outer radius R = 80 nm and
an applied circular field of µ0H0 = 6 mT are assumed in
(a) and (b). An applied circular field sightly larger than the
critical field (H0 = 1.01Hc)
9 is assumed for calculating the
curves in (c).
The linewidth asymmetry ∆Γ, defined as the difference
in the linewidth between counterpropagating SWs with
the same wavevector magnitude and eigenfrequency, are
shown in Figure 4 (a) and (b), respectively. As shown, in
all modes, ∆Γ shows a maximum defined as ∆Γ(Max),
which occurs at a particular frequency (f = fΓ) and
wavevector (kz = kΓ). The evolution of the quantities
∆Γ(Max), fΓ and λΓ = 2pi/kΓ as a function of the NT ra-
dius is summarized in Figure 4(c). The linear relation be-
tween λΓ and R indicates that the asymmetry is induced
by the nanotube mean curvature (∼ 1/R). (Note that
in the case of the asymmetry in the dispersion relation,
a global maximum located at λSW is also found, show-
ing a similar relation with the nanotube mean curvature
(∼ 1/R).22,23) The changes in the linewidth asymme-
tries between counterpropagating SWs can be estimated
by comparing the values of ∆ΓMax in figure 4(c) with the
values for Γ in figure 3. Indeed, changes of approximately
greater than 10% and up to 20% for a wide range of nan-
otube radii between 30 nm and 260 nm are observed,
which is comparable with those that can be extracted
5
from experiments on heavy metal/magnetic metal sand-
wiches wherein linewidth asymmetry results from inter-
facial DMI.17.
The SW decay length, lD[n, kz] ≡ vg[n, kz]/Γ[n, kz],
and the decay length asymmetry ∆lD[n, kz] = lD[n, kz]−
lD[n,−kz] in the nanotubular membrane are shown in
figure 5. Here, the group velocity is given by the deriva-
tive vg[n, kz] ≡ dωnkz/dkz. From figure 5 (a) and (b), we
can observe changes ranging between 10% and 22% in
the decay length in the range of frequencies between 2
GHz and 10 GHz and for three different nanotube radii
(these changes are estimated by ∆lD[n, kz]/lD[n, kz]).
Note that the percentage differences are approximately
20% for n = 0 and frequencies between 4 GHz and 6
GHz in the case of a nanotube with R = 80 nm. More-
over, similar values are also found for the larger nan-
otube radius R = 300 nm at the frequency range of 2 -
3 GHz. For larger modes (n 6= 0), the percentage dif-
ference decreases to approximately 13% due to the re-
duced curvature-induced asymmetry of group velocity vg
(the larger is the mode number, the smaller is the dif-
ference between the slope of the dispersion relation of
counterpropagating SWs) and linewidth Γ (reduction of
the asymmetries in Γ at larger-order mode numbers are
explained in the next section). Note that the range of
frequencies at which the asymmetries are more evident
corresponds to the magneto-chiral dipolar effect induced
by the mean nanotube curvature; therefore, it is observed
to be more intense around wavevectors kz ∼ 1/R.
�
���
���
�
���
���
� � �� ��
�
���
���
n
0
±1
±2
 
l D
[µ
m
]
R = 150 nm
R = 300 nm
R = 80 nm
f [GHz]
(b)
�
�
�
�
���
���
� � �� ��
�
���
���
+z propagation
 z propagation
n = 0
n = ±1
n = ±2l D
,
d
ec
ay
le
n
gt
h
[µ
m
]
f [GHz]
(a)
FIG. 5. (Color online). Decay length of counterpropagating
SWs (a) and decay length asymmetries (b) as a function of
SW eigenfrequency and for wavenumber n = 0,±1,±2. An
infinitely large nanotube with outer radius R = 80 nm, inner
radius r = 70 nm, in a vortex-oriented equilibrium magneti-
zation ~M0 = Msϕˆ and under the action of an applied circular
field µ0H0 = 6 mT is assumed in (a). The same circular field
is assumed for calculating the curves in (b). Note that for
all radii in (b), the applied circular field magnitude is larger
than the critical field necessary for stabilizing the circular
magnetization9 A Gilbert damping parameter αG = 0.001 for
the permalloy nanotube was considered.
IV. DISCUSSIONS
The term responsible for the asymmetry of the fre-
quency linewidth Γ (see equation 12) is Ankz (originat-
ing from the dynamic dipolar field), which also gives rise
to the asymmetric dispersion relation shown in Ota´lora
et al. 22 . This result reveals that nonreciprocities in the
frequency linewidth are also induced by the surface cur-
vature.
The influence of the dynamic dipolar interaction on
the linewidth can be better understood if we first discuss
the analytical expressions for the thin-film case. Indeed,
we present this discussion here for the purpose of com-
pleteness and self-containedness of the manuscript. We
consider a 2D thin film with the equilibrium magnetic
configuration, anisotropies and applied magnetic fields
similar to those in the unrolled view of the assumed nan-
otube configuration. Accordingly, a 2D thin film with
in-plane orthonormal axes Xˆ and Zˆ, out-of-plane axis Yˆ ,
easy anisotropy axis represented by the field HuXˆ, ap-
plied magnetic field H0Zˆ and equilibrium magnetization
~M0 = MsZˆ will be assumed. This configuration can re-
semble the unrolled view of the nanotube by mapping the
unit vectors Xˆ, Yˆ and Zˆ to −zˆ, ρˆ and ϕˆ, respectively. As
before, Hu is the exchange field arising from the vortex
state of the magnetization, and H0 is the applied circular
field. The chosen notation for the unit vectors Xˆ, Yˆ and
Zˆ is intentional for a later comparison with the literature.
According to the literature,25–28 the frequency
linewidth of an extended thin film Γ2D is proportional
to the sum of the stiffness fields and can be written as
(the film is considered to be free of defects and perfectly
smooth, and thus, two-magnon scattering is excluded)
Γ2D[~k] = ωMsαG
(
hX [~k] + hY [~k]
)
. (14)
Here, ~k = kXXˆ + kZZˆ is the in-plane wavevector (out-
of-plane wavevector components are not taken into con-
sideration) with kX = k sinφk and kZ = k cosφk being
its components, and φk is the angle between the mag-
netization and the wavevector.31 The thin-film thickness
(equal to the nanotube thickness) is denoted by d, and
hX,Y [~k] = HX,Y [~k]/Ms are the normalized stiffness fields
with the following form:
HX [~k] = H0 −Hu +HdipX [|k|d, φk] +Msl2exk2,
HY [~k] = H0 +H
dip
Y [|k|d] +Msl2exk2,
(15)
where HdipX [|k|d, φk] and HdipY [|k|d] are the in-plane and
out-of-plane stiffness dipolar fields given as
HdipX [|k|d, φk] = MsF [|k|d] sin2[φk],
HdipY [|k|d] = Ms(1− F [|k|d]),
(16)
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with F [|k|d] = 1 − (1 − e−|k|d)/(|k|d). Note that the
wavevectors in the 2D thin film kX and kZ map re-
spectively to the wavevectors kz and k¯ϕ in the nan-
otube, where k¯ϕ = (2pi/S)
∫ R
r
kϕρdρ = n/ρ¯ is the ra-
dially averaged azimuthal wavevector kϕ = n/ρ with
ρ¯ = (R + r)/2 as the mean nanotube radius. Further-
more, in the nanotube, the angle φk is subtended be-
tween the circular equilibrium magnetization ~Ω0 = ϕˆ and
the total wavevector ~k = kϕϕˆ + kz zˆ, and it is given by
tan[φk] = kz/k¯ϕ = ρ¯kz/n. In addition, note that by
comparing equation 12 with equation 14, we realize that
the quantities Bnkz and Cnkz (see equation 6) play the role
of the normalized stiffness fields in the nanotube in an
analogous manner to that played by hX [~k] and hY [~k] in
the planar thin film, respectively. The remaining term
Ankz arises from the NT curvature; hence, there is no
equivalent term in the planar case unless there is a DMI
interaction included, which is not the case in equation
14.
Now, from equations 14 and 15, the frequency
linewidth takes the following explicit form:
Γ2D[k, φk] =αG
ωMs
Ms
(2H0 −Hu
+HdipX [|k|d, φk] +HdipY [|k|d] + 2Msl2exk2
)
.
(17)
This equation is clearly mirror symmetric; by replacing
φk with φk + pi, the Γ2D[~k] = Γ2D[−~k]. The frequency
linewidth for the backward volume (BV) (Γ2D,BV and
k = kZ) and Damon-Eshbach (DE) (Γ2D,DE and k = kX)
geometries can be obtained for the angles φk = 0 and
φk = pi/2, respectively. The equations are the following:
Γ2D,BV = αG
ωMs
Ms
(
2H0 −Hu +HdipY [|kZ |d]
+ 2Msl
2
exk
2
Z
) (18)
Γ2D,DE = αG
ωMs
Ms
(
2H0 −Hu +Ms + 2Msl2exk2X
)
.
(19)
Note that the DE and BV geometries in the nanotube
can be described from the limiting cases of the inter-
medium SW configuration (see equation 12) that is de-
fined by all possible values of n and kz. Analogous with a
2D thin film described by equation 17, in the nanotube,
it is easily realized that the DE geometry, φk = pi/2,
corresponds to n = 0 and the BV geometry, φk = 0, to
kz = 0 and n 6= 0, or to the limiting case n ρ¯kz; hence,
k ≈ k¯ϕ.
In the following, we would like to focus on the contri-
butions of HdipX and H
dip
Y (see equation 15) to the fre-
quency linewidth (note that in both fields, the function
F [|k|d] introduces the dynamic dipolar field created by
the dipolar charges of an SW with wavevector magni-
tude k). The field HdipX , on the one hand, is nonzero
for any angle different than zero φk 6= 0, and it is a
purely dynamic dipolar field that arises from the diver-
gence of the magnetization (volume charges) when an SW
is traveling along the X direction. The field HdipY , on the
other hand, is given by the addition of two terms: the
static out-of-plane demagnetizing field of an infinite 2D
film, Ms (the demagnetizing tensor component NY = 1)
and the dynamic field, −MsF [|k|d], created by the re-
distribution of surface charges due to the excited SW.
For k = 0, the ferromagnetic resonance case (FMR), the
F [|k|d] = 0; therefore, the in-plane component is zero
HdipX = 0, and the out-of-plane field is equal to the static
demagnetizing field, HdipY = Ms. For nonzero wavevec-
tors, the field HdipX depends on the angle ϕk, and the
out-of-plane component HdipY is reduced by the surface-
charge-induced dynamic dipolar field, −MsF [|k|d]. The
consequences of HdipX and H
dip
Y (therefore, the role of the
dynamic dipolar charges) in the frequency linewidth at
the BV, DE and intermedium configurations in a planar
thin-film is presented next.
In the BV configuration (φk = 0), only the surface dy-
namic dipolar charges and the out-of-plane field compo-
nent are nonzero. Consequently, the frequency linewidth
will present a dipolar-dominated regime that is intro-
duced by the surface charges via HdipY . This results in
a decreasing linear dependence on kZ , which is domi-
nant at small wavevector values in k = kZ  1/d (long-
wavelength SWs). However, above a critical wavevector,
the exchange field will dominate, and an increasing de-
pendence on k2Z is presented. (Note that a similar resem-
blance in kZ can be found in the BV dispersion relation).
In the intermedium configuration (0 < φk < pi/2), the
volume dynamic dipolar field HdipX is reduced by a factor
of sin[φk]
2; therefore, at a small wavevector magnitude
k  1/d, the dynamic dipolar contribution from surface
charges will dominate on the frequency linewidth (equa-
tion 17). Therefore, in a similar fashion as in the BV
geometry, the frequency linewidth here will present a de-
creasing linear dependence on k, but in a shorter range of
wavevector magnitude. This situation can be sightly ob-
served by the gray dashed curve in figure 3(a) for n = ±1
at kz < 3 rads/µm (or k < 3 rads/µm) and for n = ±2
at kz < 5 rads/µm (or k < 5 rads/µm).
In the DE configuration (φk = pi/2), the dynamic dipo-
lar fields from both the in-plane and out-of-plane stiffness
dipolar fields cancel each other, which is due to the addi-
tive contribution of both fields to the linewidth (see equa-
tion 19). Here, the dynamic surface and volume charges
induce in HdipY and H
dip
X the same magnitude (but oppo-
site in sign) dynamic dipolar fields (MsF [kXd]); hence,
the term MsF [kXd] in the linewidth cancels out. This
means that the effects of volume and surface charges com-
pensate each other, and the dipolar contribution in the
frequency linewidth turns into a constant given by the
full demagnetizing field (Ms). Consequently, in the DE
geometry, the wavevector dependence of the linewidth
is only driven by the exchange interaction, leading to a
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k2X behavior, as indicated by the gray dashed line in fig-
ure 3(a) for n = 0 (or kZ = 0 ).
Note that whether a DE, BV or intermedium configu-
ration, a linear relation between the frequency linewidth
and SW frequency is generally expected. According to
equation 17, this can be observed at frequency values
where the exchange interaction dominates over the dipo-
lar, shape Hu and Zeeman H0 contributions. Under this
condition, the SW frequency and linewidth approximate
to f ≈ (ωMs/2pi)l2exk2 and Γ2D ≈ 2αGωMs l2exk2, respec-
tively. These two equations lead to Γ2D ≈ 4piαGf , which
can be observed by the gray dashed line but at larger fre-
quencies than presented in figure 3(b) for n = 0,±1,±2.
At this point, we will continue with the analysis of
the frequency linewidth equation 12 of the magnetic nan-
otube. We will utilize the aforementioned SW configura-
tions at the 2D thin film for our next developments. In
the following, the discussion of the frequency linewidth in
the tubular membrane will be separated into two subsec-
tions: one corresponding to the DE configuration (n = 0)
and the other corresponding to the intermedium config-
uration (n 6= 0) that includes the BV geometry at the
limit n ρ¯kz.
A. Linewidth in DE configuration (n = 0)
As previously mentioned, the asymmetries in the fre-
quency linewidth are given by Ankz . This term is lin-
ear in kz with a positive slope for wavevector values up
to kz ∼ 1/R. The term Ankz is responsible for the dif-
ferences in the linewidth between the nanotube and the
2D thin film at the DE configuration: in the nanotube
for SWs traveling with kz > 0 (+ z propagation), the
linewidth increases linearly, and for the oppositely prop-
agating SWs kz < 0 (− z propagation), the linewidth
decreases linearly. These features are observed in figure
3(a) for n = 0 and |kz| < 4 rads/µm−1. A similar linear
behavior between the frequency linewidth and eigenfre-
quency of counterpropagating SWs at f < 1 GHz can also
be observed in figure 3(b). This result can be understood
from the first-order expansion of the eigenfrequency in
terms of the wavevector, f = f0 +ν0kz, where ν0 is a con-
stant slope that depends on the nanotube radius and f0
is the nanotube ferromagnetic resonance - FMR.23 Since
Γ[n = 0, kz] and f are linear in kz at first-order expan-
sion, Γ is also linear in f at the same expansion order.
From this linear relation, the not mirror symmetry of
the frequency linewidth Γ[n = 0, kz] 6= Γ[n = 0,−kz]
is clearly realized. The linewidth asymmetry with a de-
creasing tendency can also be obtained at the exchange-
dominated regime: in the range kz  1/R, the asymme-
try will eventually be neglected for sufficiently large kz.
Moreover, as in the 2D thin film, in the nanotube, the
exchange-dominated frequency linewidth is also linear in
the eigenfrequency f , a situation that can be obtained at
larger frequencies than presented in figure 3(b)
The frequency linewidth asymmetry mentioned above
can be understood in terms of the dynamic dipolar field
created by the dynamic dipolar charges. In contrast to
the preserved mirror symmetry of dipolar charges in 2D
thin films, in the nanotube, the symmetry is disturbed
by the tubular mean curvature. In the nanotube, the
surface charges conserve the mirror symmetry, and the
magnitude of the volume charges violate it.22 This breaks
the mirror symmetry of the dynamic dipolar fields and
consequently violates the left-right chiral symmetry of
the frequency linewidth of counterpropagating SWs. On
the one hand, for kz < 0, the divergence of the dynamic
magnetization and the strength of the volume dynamic
dipolar field are reduced. Hence, the field created by
surface charges dominates. Understanding that the sur-
face charges and its dynamic dipolar field strength de-
crease with increasing the wavevector magnitude kz, it
is found that in a first-order expansion in kz, the fre-
quency linewidth shows a non-negligible decreasing ten-
dency. Note that this situation resembles a behavior sim-
ilar to that in the BV geometry (or in the intermedium
geometry) in 2D thin films, wherein the effects of the
volume dynamic charges are absent (or reduced). On the
other hand, for SWs with kz > 0, the divergence of the
dynamic magnetization and the volume dynamic charges
are enhanced. Thus, the dynamic dipolar fields aris-
ing from the volume charges dominate over the dynamic
fields from the surface charges. Realizing that the diver-
gence of the SW distribution and the volume dynamic
dipolar field increase with increasing SW wavevector, it
is found that the frequency linewidth has a non-negligible
linear increasing tendency with kz. The aforementioned
linear trend between Γ and kz is reflected in figure 3(a)
at small values of kz, as previously mentioned (for com-
parison, note that in the 2D thin film, both dynamic
fields balance each other, leading to an absent linear kz
contribution in the frequency linewidth). Finally, for a
larger wavevector magnitude, the exchange interaction
will eventually dominate over the dipolar interaction, and
the frequency linewidth will take a k2z dependence, as dis-
cussed previously. (Recall that in a 2D thin film in a DE
geometry, the total dynamic dipolar field contribution
to the linewidth is constant and equal to the magneto-
static demagnetizing field, leading to a k2z quadratic de-
pendence in the frequency linewidth that originates from
the exchange energy).
B. Linewidth in intermedium configuration (n 6= 0)
For higher-order modes (n 6= 0), the geometry of
SWs is defined by the angle φk subtended between the
wavevector ~k = kz zˆ+k¯ϕϕˆ (where k¯ϕ = n/ρ¯) and the equi-
librium magnetization ~Ω0. The BV geometry, φk = pi/2,
is characterized by the lack of asymmetries in the fre-
quency linewidth and is given by whether doing kz = 0
or in the limit of |n|  ρ¯|kz| ∼ R|kz|. As observed
in figure 3(a) for n = ±1,±2, the absence of asymme-
tries in the case of kz = 0 can be understood if we take
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into account that the dynamic volume charges (obtained
from the divergence of the dynamic excitation - the SW)
are free of curvature-induced asymmetries. Similarly,
no asymmetries must also be observed in terms of the
eigenfrequency f , as is indeed shown in figure 3(b) for
n = ±1,±2 at the eigenfrequency f [kz = 0] where all
curves converge. More details about kz = 0 will be pre-
sented in subsection V A. In the other BV geometry case,
at the limit |n|  ρ¯|kz|, asymmetries in the frequency
linewidth are not presented. For any value of kz (large
|kz|  1/R, small |kz|  1/R or located at the optimal
asymmetry |kz| ∼ 1/R), the integer nature of n leads
to the limit |n|  0 as the sufficient condition to define
the BV geometry. For illustration, we consider the range
|kz| ∼ 1/R. Accordingly, we obtain ρ¯|kz| ∼ 1; therefore,
|n|  1. In terms of the azimuthal wavevector, the condi-
tion |n|  1 means that |kϕ|  1/R. Consequently, the
total wavevector magnitude is k ≈ |kϕ|  1/R, which is
located at the exchange-dominated regime that is charac-
terized for no curvature-induced asymmetries (via dipo-
lar interaction) in the frequency linewidth.
For finite values of n, we obtain the intermedium con-
figuration defined by 0 < φk < pi/2. In this case, less in-
tense asymmetries in the frequency linewidth than with
n = 0 appear, which is a consequence of the fact that
the larger is the value of n, the more important is the
exchange interaction. Figure 3 shows reduced asymmet-
ric frequency linewidth of counterpropagating SWs for
n = ±1,±2 in a wide range of wavevectors kz and eigen-
frequencies f , and the asymmetries are quantified in fig-
ure 4. Since this nonreciprocal effect is curvature in-
duced, the asymmetry ∆Γ must decrease (i) by increas-
ing the wavevector kz at kz > 1/R ≈ 12.5 rads/µm (see
figure 4(a)) and consequently (ii) by increasing the SW
frequencies for over f [1/R] ≈ 5.6 GHz (see figure 4(b)).
These values correspond to a nanotube with R = 80 nm.
An analytical expression of the frequency linewidth for
finite n and small wavevector range kz  1/R can be ob-
tained, showing a direct resemblance with 2D thin films
with DMI; nevertheless, this case is presented in subsec-
tion V C.
V. LIMITING CASES
For completeness of our comparative analysis between
the 2D thin film and nanotubular membrane, a few lim-
iting cases of the nanotube frequency linewidth are pre-
sented. In the following, we will address three cases
consisting of A. kz = 0, B. kz  1/R, and C. kz 6= 0
(kz  1/R), in which the nanotubular curvature can be
neglected; therefore, the frequency linewidth is reduced
to well-known expressions for 2D films.
A. For kz = 0
In this case, SWs with a homogeneous profile along the
nanotube long axis propagate only in the azimuthal direc-
tion with wavenumber n. Since the propagation direction
and the magnetization are parallel, this case resembles
the BV geometry of the SW propagation in planar thin
films. The frequency linewidth takes the form
Γ(n, 0) = αGωMs
(
(2n2 − 1)hu + 2h0 + J n0
)
, (20)
which for the exchange-dominated regime, i.e., n 1, is
written as
Γ(n 1, 0) = ωMsαG
(
2n2hu + 2h0 +
1
n
R2 + r2
R2 − r2
)
.
(21)
For nanotubes with a radius much larger than the thick-
ness R d, the previous equation can be written as
Γ(n 1, 0) = ωMsαG
(
2l2exk¯
2
ϕ + 2h0 +
1
k¯ϕd
)
, (22)
where d is the nanotube thickness. Equation 22 is sim-
ilar to the expression of the linewidth that one can ob-
tain for 2D thin films for the BV modes. In the case of
zero azimuthal wavenumber n = 0 (typically called the
ferromagnetic resonance (FMR) mode), the frequency
linewidth is
Γ(0, 0) = αGωMs (2h0 − hu + 1) , (23)
which resembles the FMR frequency linewidth known
from the Kittel formula32 for a thin film with a homo-
geneous in-plane magnetization parallel to the applied
magnetic field H0.
B. For kz  1/R
In this case, the SW wavelength is considerably smaller
than the nanotube radius. Therefore, the SWs are ex-
change dominated, and the dispersion relation is sym-
metric. The frequency linewidth can be written as
Γ(n, kz  1/R) = αGωMs
(
2l2exk
2
z
+(2n2 − 1)hu + 2h0 + 1
)
.
(24)
For n = 0 or SWs with no nodal lines, equation 24 re-
sembles the linewidth of Damon-Eshbach (DE) modes in
2D thin films with in-plane magnetization (see equation
19).
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C. For kz 6= 0 (kz  1/R)
As the last case, the linewidth of SWs with small
wavevectors is discussed. At this limit, the hyperfunc-
tions shown in equation 7 can be approximated as shown
in Ota´lora et al. 23 , resulting in A0kz ≈ νnkz, J 0kz ≈
(1 − un)k2z and L0kz ≈ (1 − wn)k2z . Therefore, the fre-
quency linewidth will have the following complex expres-
sion:
Γ(n, kz  1/R) ≈ αGωMs
(
(2l2ex + wn − un)k2z + (2n2 − 1)hu + 2h0 + 1
)×(
1 +
νnkz√
((l2ex + wn)k
2
z + (n
2 − 1)hu + h0)((l2ex − un)k2z + n2hu + h0 + 1)
)
(25)
where νn, un and wn can only be calculated numerically
(for details, see Ref.23). However, these coefficients were
already calculated for n = 0 (see figure 7 in Ref.23), and
for this particular case, the frequency linewidth takes the
form
Γ(0, kz  1/R) ≈ αGωMs
(
(2l2ex + w− u)k2z − hu + 2h0 + 1
)×(
1 +
ν0kz√
((l2ex + w0)k
2
z − hu + h0)((l2ex − u0)k2z + h0 + 1)
)
.
(26)
Equation 26 shows that the asymmetry is linear in kz
for counterpropagating SWs.It can be observed by tak-
ing into account the change in the sign of kz for opposite
propagations. Note that the curvature-induced asym-
metries in the frequency linewidth are similar to those
obtained for heavy metal/magnetic metal 2D sandwiches
with interfacial DMI for SWs in the DE configuration. In
Ref.17, a similar linear term, originating from the interfa-
cial DMI, appears in the frequency linewidth expression.
VI. CONCLUSIONS
We have elaborated an analytical model of the fre-
quency linewidth for curved magnetic membranes with a
tubular geometry. It is found that the linewidth is asym-
metric regarding the eigenfrequency of the SWs and the
sign of the propagation vector. The asymmetry origi-
nates from the dynamic dipolar fields and is directly re-
lated to the mean curvature of the magnetic nanotube. In
contrast to the 2D thin film, for SWs in the DE geometry,
the dynamic dipolar fields produce an extra contribution
that is linear in k in the linewidth. Consequently, SWs
propagating to opposite directions but with the same fre-
quency have different lifetimes, group velocities and thus
different decay lengths. The predicted asymmetry of the
linewidth shows a similar tendency as that reported for
the dispersion relation of the nanotubes in our previous
works22,23. We also show that the asymmetries presented
in the group velocity and frequency linewidth lead to
a decay length with evident asymmetries, which is also
calculated. Indeed, changes between 10% and 20% in
frequency linewidth and between 10% and 22% in the
decay length for counterpropagating SWs are predicted.
Furthermore, it is shown that for modes with azimuthal
wavevector only (kz = 0) and large radius, the expression
of the linewidth reduced to a formula similar to that of
the BV modes in planar thin films. In the limiting case
of SWs with a wavelength that is considerably smaller
than the nanotube radius (kz  1/R) and no nodal lines
(higher-order modes excluded: n = 0), the linewidth re-
sembles the linewidth that one obtains for the DE modes
in planar thin films. Finally, in the last case for interme-
diate SW wavelengths kz 6= 0 (kz  1/R), the obtained
expression for the linewidth is similar to that obtained
for heavy metal/magnetic metal 2D sandwiches with in-
terfacial DMI for SWs in the DE configuration. However,
the linear term responsible for the asymmetry originates
from the dynamic volume changes. We believe that our
findings represent a step forward toward the realization
of 3D curvilinear magnonic devices.
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